This work is devoted to the study of certain cardinality modifications of paracompactness and compactness in the setting of linearly ordered spaces. Some of the concepts treated here have previously been studied by Aquaro [l] and, in the second, compactness. In each instance, this is accomplished by means of a characterization in terms of conditions imposed on the gaps of the space. In regard to Theorem 1, in which the concept of Q-gap introduced by Gillman and Henriksen [3 ] plays a crucial role, we call attention to the equivalence of m-paracompactness and the apparently much stronger condition m-full normality in the setting of linearly ordered spaces. It is also of interest to note that Theorem 3 shows the equivalence of m-compactness and m-boundedness, again in the setting of linearly ordered spaces. Novak [8] has shown this latter equivalence is not in general true for m countable, but the authors are not aware of an m-compact space which is not m-bounded for rrt larger than countable.
This work is devoted to the study of certain cardinality modifications of paracompactness and compactness in the setting of linearly ordered spaces. Some of the concepts treated here have previously been studied by Aquaro [l]1, Gulden [4] , Kennison [5] , Mansfield [6] , Morita [7] , and Poppe [9] . On the other hand, the concept of m-boundedness, introduced in §2, is new. Our main results (Theorems 1 and 3) establish the equivalence for linearly ordered spaces of a number of cardinality modifications of, in the first case, paracompactness, and, in the second, compactness. In each instance, this is accomplished by means of a characterization in terms of conditions imposed on the gaps of the space. In regard to Theorem 1, in which the concept of Q-gap introduced by Gillman and Henriksen [3 ] plays a crucial role, we call attention to the equivalence of m-paracompactness and the apparently much stronger condition m-full normality in the setting of linearly ordered spaces. It is also of interest to note that Theorem 3 shows the equivalence of m-compactness and m-boundedness, again in the setting of linearly ordered spaces. Novak [8] has shown this latter equivalence is not in general true for m countable, but the authors are not aware of an m-compact space which is not m-bounded for rrt larger than countable.
1. In this section, we note the equivalence, in the setting of linearly ordered spaces, of a varied collection of cardinality modifications of paracompactness.
Unless otherwise indicated, tn will denote an infinite cardinal. It is clear that for any m^2, almost m-fully normality is implied by m-full normality; also, if n^m then (almost) n-full normality implies (almost) m-full normality. Mansfield's result that every linearly ordered space is No-fully normal will be seen to be a corollary of our Theorem 1. On the other hand, the proofs of the implications (ix) =Ki), (ix)=Kh) °f Theorem 1 are based upon Mansfield's proof of the result cited. In particular, we make use of the following lemma [6, Lemma 3.1].
Lemma 1. Let X be a linearly ordered space (that is, a linearly ordered set provided with its interval topology) with the property that every strictly increasing (decreasing) sequence in X indexed by the positive integers, with their usual order, converges to a point of X. Then for each open covering 11 of X there is a point u* EX such that {xGX|x>m*} CSt(tt*, it) ({xGX|x<M*}cSt(w*, 11)). Definition 4 (Gillman and Henriksen [3] ). Let X be a linearly ordered set and let X+ denote the order completion of X. Let wa and up be regular initial ordinals and let u* denote a>/j with the reverse order. A gap u of X (i.e., an element of X+\X) is an wa-limit of X (an up*-limit of X) if the set of all elements of X which precede u (which follow u) is cofinal (coinitial) with w" (with oo*). The unique ordinal for which u is an wa-limit of X (an w^*-limit of X) will be denoted by (o«(U) (by W0(U)). (By S is cofinal with coa we mean 5 has an unbounded subset which is well ordered of order type coa.)
A gap u of X is called a Q-gap from the left (right) if and only if there is a regular initial ordinal co" and an increasing (decreasing) sequence {x<31/?<«"} of points of A+ such that u=limp<aaXp and if \<wa is any nonzero limit ordinal then lim^<x X/j is a gap of X. (Thus any gap which is the limit of an increasing (decreasing) sequence of points of A+ indexed by the positive integers is a Q-gap from the left (right).)
It was proved in [3] that a linearly ordered space is paracompact if and only if each of its gaps is a Q-gap from both right and left (with the obvious modification for the possible endgaps of the space). In a recent work [2] , Fedorchuk has shown that in linearly ordered spaces, strong paracompactness, paracompactness, and metacompactness are mutually equivalent.
The following lemma (9.4 of [3] ) is of use in the proof of Theorem 1.
Lemma 2. Let J = (p, v) be an interval of a linearly ordered space X, where v is a gap that is not a Q-gap from the left. Let a be the ordinal for which v is an u)a-limit. Let It be an open covering of J that does not cover the gap v. Then 11 has a subfamily of power | coa \ with nonvoid intersection. Thus X is m-bounded. Suppose u is a gap of X and |wa(u)| =m. Then there is a strictly increasing sequence {xT|Y<wa(U)} in X that is cofinal in {xGX|x<w}.
Since X is normal, for each y <coa(.u) there is a map/7: X->P such that fy(x) = 1 for x^xy,fy(x) =0 for xstxy+i, and Q^fyf= 1. Since u is a gap of X there is a map/: X->R such that/(x) = 1 for x>u and f(x) =0
for x<u. For each 7<co«(") let Uy= {xGX|/7(x)^0}, and let [/ = {xGX|/(x)^0}.
Then 11= { [/}U { [/T| 7<«"<")} is an open cover of X by cozero sets and 1111 ^ m. Clearly 11 has no finite subcover, and hence X is not m-quasicompact.
The following lemma leads to an interesting corollary of Theorem 3. That (e)=*(a) follows from Lemma 4.
